
Physics 137B (Professor Shapiro) Spring 2010

GSI: Tom Griffin

Homework 7 Solutions

1. We have that:

H ′n0(t) = −qE(t) < n|x|0 >

= −qE(t)

√
h̄

2mω
δn1

Thus only a transition to the first excited state is allowed. Putting this into
equation 9.17 of the text, we obtain:

c
(1)
1 = −(ih)−1qE0

√
h̄

2mω

∫ ∞
0

exp(−t′/τ + iωt′)dt′

= (ih)−1qE0

√
h̄

2mω

1

(iω − 1/τ)

P
(1)
10 = |c(1)1 |2 = q2E20

1

2mωh̄

1

(ω2 + 1/τ 2)

2. Choose a coordinate system so that the electric field is in the z direction.
Then, by equation 9.17 of the text:

c
(1)
b = −(ih)−1qE0zba

∫ ∞
−∞

(t′2 + τ 2)−1 exp(iωt′)dt′

= −(ih)−1qE0zba(π/τ)e−ωτ

P
(1)
ba = |c(1)b |

2 = (h)−2q2E20 |zba|2(π/τ)2e−2ωτ

Here, ω = (E2 − E1)/h̄ =
3|E1|

4h̄
, where E1 = −13.6eV is the ground state

energy of hydrogen.
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We just have to calculate zba =< 21m|z|100 >. Lz commutes with z and so
this will be zero for m = 1 and for m = −1. So the only nonzero matrix
element is for m = 0:

zba =< 210|z|100 > =

∫
d3r[

1

4
√

2πa3µ
(r/aµ) exp(−r/2aµ) cos θ](r cos θ)[

1√
πa3µ

exp(−r/aµ)]

=
1

2
√

2a4µ

∫ ∞
0

r2dr(r2) exp(−3r/2aµ)

∫ 1

−1
d(cos θ) cos2 θ

=
1

2
√

2a4µ

4!

(−3/2aµ)5
(
2

3
)

=
128
√

2aµ
243

3. From equation 9.121 of the text, we have:

P10 =
q2

2mh̄ω3

∣∣∣∣∣
∫ ∞
−∞

dE(t)

dt
exp(iωt)dt

∣∣∣∣∣
2

=
q2

2mh̄ω3

∣∣∣∣∣− 2E0
τ 2

∫ ∞
−∞

t exp[−(t/τ)2] exp(iωt)dt

∣∣∣∣∣
2

=
2q2E20
mh̄ω3τ 4

∣∣∣∣∣
∫ ∞
−∞

t exp[−(t/τ)2 + iωt]dt

∣∣∣∣∣
2

=
2q2E20
mh̄ω3τ 4

∣∣∣∣∣ exp(−ω2τ 2/4)

∫ ∞
−∞

t exp[−(t− iωτ 2/2)2/τ 2]dt

∣∣∣∣∣
2

=
2q2E20
mh̄ω3τ 4

∣∣∣∣∣ exp(−ω2τ 2/4)
√
πτiωτ 2/2

∣∣∣∣∣
2

=
πq2E20 τ 2

2mh̄ω
exp(−ω2τ 2/2)

4. (a) We apply Fermi’s Golden Rule (Wab =
2π

h̄
|H ′|2δ(Ef−Ei)) to beta decay.

The transition rate to a final state with an electron of energy E and mo-
mentum p, plus an antineutrino with energy cq and momentum q is equal
to:

Wab =
2π

h̄
|GFM
V
|2δ(E0 − E − cq)
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The total transition rate for beta decay is (summing over all final states):

W =
2π

h̄

∑
p,q

|GFM
V
|2δ(E0 − E − cq)

=
2π

h̄

∫
d3p

(2πh̄)3/V

d3q

(2πh̄)3/V
|GFM
V
|2δ(E0 − E − cq) (in the continuum limit)

=
2π

h̄
|GFM|2

∫ ∞
0

4πp2dp

(2πh̄)3

∫ ∞
0

4πq2dq

(2πh̄)3
δ(E0 − E − cq)

=
2π

h̄
|GFM|2

∫ ∞
0

4πp2dp

(2πh̄)3
4π(E0−E

c
)2

c(2πh̄)3
(with the condition, coming from

the delta function integral, that E < E0)

=
G2
F |M|2

2h̄7c3π3

∫ ∞
0

dpp2(E0 − E)2 (with the condition that E < E0)

=
G2
F |M|2

2h̄7c3π3

∫ E0/c

0

dpp2(E0 − pc)2 (since E ≈ pc)

=
G2
F |M|2

2h̄7c3π3

∫ E0/c

0

dp(E2
0p

2 − 2E0p
3c+ p4c2)

=
G2
F |M|2

2h̄7c3π3
(E2

0p
3/3− 2E0p

4/4c+ p5c2/5)
∣∣∣p=E0/c

p=0

=
G2
F |M|2E5

0

60h̄7c6π3

=
G2
F |M|2Q5

0

60h̄7c6π3
(since E0 ≈ Q0 in the ultrarelativistic limit)

(b) The muon decay rate is Wµ =
G2
FQ

5
0

192h̄7c6π3
where Q0 ≈ mµc

2. So

τµ = 1/Wµ ≈ 3× 10−6s.
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